ECPSSR cross sections for inner-shell ionization are compared with numerical calculations that use correct and wrong expressions for exact limits of momentum transfer. For very adiabatic collisions, the employment of the wrong expression, as done in several popularly utilized computer codes, overestimates the cross sections up to two orders of magnitude. By contrast, even in such collisions the original ECPSSR approach of Brandt and Lapicki that approximates the effect of projectile energy loss by a multiplicative correction function f S and the relativistic effects by a relativistically corrected electron mass yields cross sections that are in agreement within a factor of two with respect to the calculation with hydrogenic Dirac wavefunctions and exact limits of integration with no relativistic correction. For plane-wave Born approximation calculations, the relativistic corrected expressions of the exact limits of integration are presented. The cross section calculated with such limits differs from the ECPSSR calculation using the f S -function by less than 2% in the region of lowest collision velocities covered by experiments. A straightforward modification of the existing computer codes with the correct expression for exact momentum transfer is suggested.
Introduction
The ECPSSR theory of Brandt and Lapicki [1] goes beyond the plane-wave Born approximation (PWBA) that in its standard adiabatic limit [2] neglects energy transfer relative to the projectile ion energy. Besides correcting for Coulomb deflection and retardation of the projectile (C) and its influence on the unperturbed and nonrelativistic atomic orbitals in a perturbed stationary state (PSS) treatment that also accounts for their relativistic (R) nature, the CPSSR cross section is multiplied by function f S that accounts for the energy loss (E). This theory is popularly used for the calculation of innershell ionization cross sections (ISICS) by light ions and is frequently applied for the assessment and comparison with the experimental data.
The ECPSSR theory of 1981, developed after the preceding works by Brandt and his coworkers [3] [4] [5] [6] [7] [8] stimulated further theoretical research, which mainly involved a correction of the binding energy so that the binding energy of the inner-shell electron would converge to the united atom binding energy in the slow collision limit [9] [10] [11] [12] [13] [14] [15] ; this refinement evolved into the ECUSAR theory [16, 17] that replaces the PSS treatment of ECPSSR with united (U) and separated (S) atom (A) formula (see equations (2) , (3) in [16] ). Aside from these improvements, computer codes and cross section tabulations were also developed. In 1978, Benka and Kropf [18] calculated the K-shell ionization cross sections with exact integration limits for the momentum transfer, and thereby had no need for the energy loss correction function f K as it was later introduced by Brandt and Lapicki [1] . As introduced in [17] , we use the very same letter for the same energy loss effect; we distinguish between the ECPSSR cross sections, which are calculated with f S -functions to account for the energy loss (denoted with a capital E), and the eCPSSR cross sections that are calculated with the exact limits for momentum transfers (denoted with a lower case e). Unfortunately, the tables of Benka and Kropf appeared before the proper inclusion of the relativistic factor [8] within the ECPSSR theory [1] . The recipe prescribed in [1, 8] was to multiply the parameter η S , which is essentially the squared ratio of the projectile and electron shell velocities, by the factor m S R to correct nonrelativistic PWBA values, but without affecting the exact limits for the momentum transfers. This recipe was not followed in the early cross section tabulation by Cohen and Harrigan [19] and the original ISICS code by Liu and Cipolla [20] . At low projectile velocities, a marked discrepancy was soon observed between the tabulated values [19, 20] and the ECPSSR cross sections [21, 22] . It was even believed that all codes using exact integration limits are incorrect and that only the original ECPSSR theory using the f S -function should be used [22] . Despite explicit warnings [16, 21, 22] about incorrect implementation of the ECPSSR theory, present computer codes such as ERCS08 (this acronym stands for electron removal cross sections) [23] and the latest edition of ISICS [24, 25] continue to be in error. The reliance on these codes may give the wrong impression about the efficiency of the ECPSSR model, especially when it is compared with different empirical and semiempirical fits to the inner-shell ionization data [26] .
Yet, Kropf's computer code [27] , which had the correct formula for exact momentum transfer limits, yielded cross sections in close agreement with the original ECPSSR values. Kropf did not publish the details of his eCPSSR code, notably the integration limits with the correct relativistic correction, but the cross sections calculated by his code for the K-shell are listed along with the reference cross sections of Paul and Sacher [28] . Similarly, the code ofŠmit [29] , which initially calculated the ECPSSR cross sections with the f S -function, was also refined for the calculation with exact integration limits, following the method of inverted sequence of integration [30] .
As the current eCPSSR codes invariantly repeat the improperly defined method of the wrong integration limits, it is an aim of the present work to show how to modify the existing computer codes so that they produce low-velocity cross sections identical to the original ECPSSR theory. We will also estimate the errors introduced by analytical approximation of the f S -function.
Wrong and correct exact limits for momentum transfers in the eCPSSR calculations
The ECPSSR theory is cast in terms of the variables of the PWBA approach reviewed by Merzbacher and Lewis [2] . Formulation of the ionization cross section is transparent if certain dimensionless quantities are defined, as recalled below. Let the projectile of atomic number Z 1 and laboratory energy E 1 ionize an inner shell S (where S = K, L . . . is the shell with principal quantum number n = 1, 2 . . . ) of an atom of atomic number Z 2 and mass M 2 . Inner-shell electrons, with the experimental binding energy U S expressed in eV, are described by screened hydrogenic wavefunctions with Slater's [31] screening parameters s = 0.3 for the K-shell and s = 4.15 for the L-shell. Scaling the U S by (Z 2 −s)
2 Ry (Ry being the Rydberg constant = 13.6 eV), the dimensionless binding energy is given by
The second important dimensionless parameter is η S , which is the square of the projectile velocity v 1 and scaled by the product of n-times the orbital velocity of the inner-shell electron:
Here v 0 is the Bohr velocity equal to the electron's speed in the ground state of the hydrogen atom, m is the electron mass, and E and M are the projectile energy and mass in the centreof-mass collision system. During the collision, the projectile loses the energy ε expressed in eV that is transferred to the ejected electron. In units of (Z 2 −s) 2 Ry, this transferred energy is given by
At the ionization threshold, the lowest transferred energy is the electron binding energy U S .
At the upper end, the highest transferred energy is limited by the projectile kinetic energy in the centre-of-mass system. The limits of W then read
The collision changes the momentum of the projectile between its minimum and maximum values:
Introducing a new dimensionless quantity Q as a square of the transferred momentum
with a B the Bohr radius, the lowest and highest limits of Q are [22, 27] 
The PWBA cross section is then conveniently written as
where F W is the electron form factor [2, 20] . It is important that in the adiabatic limit of small values of η S , F W is inversely proportional to simple powers of Q, which makes the Q-integration of (8) trivial. Furthermore, according to the standard PWBA [2] , the W integration is simplified with the adiabatic limits of Q
while the upper integration limits Q max and W max can safely be set at infinity. In the ECPSSR theory, corrections to the PWBA approach are given as a function of the scaled projectile velocity regimes of slow (ξ S <1) and fast (ξ S > 1) collisions:
An account for the PSS effect is made with the ζ S (ξ S ) (for the ζ S function see equations (19) , (20) in [8] and (27), (46) in [7] ) that multiplies θ S to ζ S θ S in the PWBA cross section as well as in the argument of the Coulomb deflection factor C S. The relativistic effects are considered according to the principle that atomic electrons exhibit increased (relativistic) mass. The expressions that contain the electron rest mass m are then modified multiplying m by the relativistic correction functions m S R (ξ S ) (for the m S R function see equation (6)) in [8] ). As a consequence, the relativistically corrected value of η S is given by
In the adiabatic limit, the lower integration limits in equation (8) then read:
In the original ECPSSR theory [1] , the effect of exact integration limits of equation (7) is approximated by the multiplicative energy loss function f S . Equation (12) wrongly implies that the exact relativistic integration limits are obtained simply by replacing η S in equation (7) with η S R , especially as this recipe leads to a correct adiabatic limit of equation (12) . It would be wrong to evaluate Q min and Q max as
One has to remember that the factor m S R should multiply electron rest mass m wherever it occurs. Therefore, the correct integration limits for evaluation of the eCPSSR in equation (7) shall read as in equation (40) from Kropf's thesis [27] with no η S R under the square root:
It is critical to note that m S R m/η S R = m/η S under the square root in the final correct expressions for Q min and Q max . For the algorithm that applies the inverted sequence of integration over W and Q, the integration limits are given in [30] . As the expressions [30] consider the PSS effect implicitly (assuming that the parameter θ S had already been multiplied by ζ S ), we rewrite these equations including the parameter ζ S explicitly:
In the following, we shall compare results obtained incorrectly from equation (13) by a sole replacement of η S with η S R with those that apply the correct integration limits, equation (14) or (15).
Calculations with wrong and correct limits of integration for the eCPPSR
As reference values, we use calculations with the ECPSSR model as prescribed in 1981 [1] with screened hydrogenic wavefunctions. For a direct comparison with ECPSSR results, screened hydrogenic wavefunctions were also employed in our calculations of the eCPSSR cross sections. The ECPSSR cross sections using f S -functions were calculated by the Pascal computer code [29] , and the eCPSSR cross sections using correct equation (15) for exact integration limits by the refinement of this code [30] . Compared to the original versions [29, 30] , the codes used presently were updated for fundamental physical constants that were written with all significant digits known today. The calculation was also switched to double precision, though this was not required by the integration algorithm itself, but by the Coulomb deflection factor that can be out of single precision range at adiabatic collisions. Precision of the eCPSSR calculations with wrong expressions for exact limits of integration, as in equation (13), is shown in table 1 for comparison with the tabular values listed in ERCS08 [23] and the output from the latest ISICS code [24] as provided to us by Batič [25] . To be consistent with [23] , for input in the ISICS code and in our calculation with wrong Q-integration limits of equation (13), we took the mass of the (13)) and correct (equations (14) and (15)) Q-integration limits.
hydrogen atom 1.007 97 amu as the mass of the projectile. As displayed in table 1, the agreement of our calculation with the identical results of [23] [24] [25] is demonstrated in all four decimal digits, except for the slowest collision in Au where our eCPSSR cross section rises above those of [23] [24] [25] by less than 0.09%; however, this difference is traced to the accuracy and number of digits in the applied fundamental constants.
The ECPSSR cross sections are compared in table 2 with numerical results obtained with the eCPSSR codes evaluated with correct (equations (14) or (15)) and wrong (equation (13)) limits for the exact momentum transfer. For the experimental binding energy U S , we used the same values as in [25] . For projectile mass M 1 , however, we took the proton mass (1.007 28 amu) because protons and not hydrogen atoms are accelerated in particle accelerators. This yields the cross sections slightly higher than those in table 1. The differences are typically below 1%, but increase to 6.8% for 0.1 MeV protons in Au; however, our further analysis will be based on the cross section ratios which are not sensitive to such small variations of input parameters. Figure 1 illustrates the crucial difference between wrong and correct calculations. The calculation using incorrect integration limits for Q min and Q max produces much larger eCPSSR cross sections than the calculation using limits that we recognized as correct. The differences telescope into almost 1.5 orders of magnitude in adiabatic collisions with heavy elements, but remain at several per cent in the elements lighter than copper. To assess the combined result of the f S and m S R in the ECPSSR's account for the energy loss and relativistic effects, the calculation of the ionization cross section was also performed in the relativistic planewave approximation (RPWBA), corrected for the binding and Coulomb deflection effects [32] , based on hydrogenic Dirac continuum wavefunctions in the screened atomic potential (13)) and (b) correct (equations (14) or (15)) Q-integration limits normalized to the eRPWBA-CPSS cross sections [32] . The solid curve for Cu differs insignificantly from unity.
Results
with the calculation of electron form factors by the method of Talman [33] . The cut-off approximations in these procedures prevent the code from being used for very fast collisions. Another choice for reference RPWBA values could be the calculation of Chen and Crasemann [34, 35] , which is based on more realistic Dirac-Hartree-Slater (DHS) wavefunctions and accounts for the Coulomb and PSS effects in the way of the ECPSSR theory. DHS wavefunctions instead of Dirac's hydrogenic wavefunctions lower cross sections by about 10%. For the K-shell of heavy elements their calculations [34] , performed between the exact limits of integration and without need for relativistic correction, however, do not extend to the lowest projectile energies used in the present study.
Although the most pronounced cross section differences occur in the region that is unimportant from a practical point of view, as the cross sections at lowest collision energies are extremely small or even immeasurable, it is certainly important to explore this effect from the fundamental point of view. Table 2 . Ionization cross sections (in barns) as a function of the projectile energy E 1 and scaled projectile velocity ξ S . eRPWBA-CPSS [32] : relativistic plane-wave cross sections corrected for the Coulomb deflection and the PSS effects. ECPSSR [1] : cross sections accounting for Coulomb, PSS and relativistic effects and for the projectile energy loss in the form of the f S -function. Correct eCPSSR (equations (14) or (15)): the CPSSR cross sections using correct integration limits. Wrong eCPSSR (equation (13)): the CPSSR cross sections using the wrong integration limits. [32] . The solid curve for Cu differs insignificantly from unity. Similar to Mukoyama [22] , we shall rely on the criterion which type of calculation agrees better with the RPWBA values. In order to make the comparison possible, we calculated the cross section with exact limits on the momentum transfer and with the parameter θ S corrected for the PSS effect and multiplied the result by the Coulomb deflection factor (therefore the acronym eRPWBA-CPSS). The comparison of both types of calculation is shown in figure 2 . It is evident that the calculation using wrong integration limits overestimates the cross section, while the calculation employing correct integration limits provides a reasonable approximation of the ISICS. The differences that amount to almost two orders of magnitude in figure 2(a) are reduced within a factor of 2 for the calculation using correct integration limits ( figure 2(b) ). Figure 2 suggests that using correct integration limits results in a much better agreement with the eRPWBA-CPSS calculations performed using exact integration limits, but containing no relativistic factor m S R . The principle of Brandt and Lapicki of introducing the relativistic electron mass factor m S R therefore provides quite a good approximation of relativistic effects, provided the integration limits are used correctly. With the original ECPSSR (using the f S -function) this effect is further explored in figure 3 , which shows the ratio between ECPSSR and eRPWBA-CPSS cross sections as a function of the dimensionless velocity ξ S . It is interesting to note that the approximation works better for uranium than gold, which indicates that the expression for m S R was determined fitting uranium as the heaviest natural element.
Finally, the present calculation allows us to estimate accuracy of the approximation that replaces integration within exact integration limits with the f S -function. The effect has been briefly studied in [22, 29] , but in figure 4 we extend the comparison to lower values of ξ S and to the L-shell. It is interesting to note that the curves in figure 4 do not approach unity for the lowest values of ξ S , but the differences between the f S -function and exact calculation continue to increase. The (14) or (15) .
reason may be sought in the threshold behaviour of the cross section. The ionization process requires that the projectile energies are higher than the shell binding energy, thus the adiabatic limit is practically never reached. Figure 4 also indicates that the differences do not obey any general function of ξ S , but increase with increasing Z 2 . Yet the differences are generally smaller than 5%, while within the range of ξ S where experiments exist they are even smaller than 2%.
Conclusions
We have confirmed that the numerical eCPSSR calculations using correct Q-integration limits as in equations (14) or (15) provide cross sections that are, in the range of available data, at worst within 2% in agreement with the genuine ECPSSR cross sections [1] that incorporate the effect of the projectile energy loss with analytical f S -functions. For this it is important that the relativistic correction, which is given by multiplying the electron rest mass with the relativistic correction factor m S R is applied correctly. In addition to the earlier studies, we present explicit expressions for wrong (equation (13)) and correct (equations (14) or (15)) integration limits. We encourage authors of computer codes for inner-shell ionization to modify their codes for the correct integration limits. The modification of the program codes requires a trivial adjustment from equation (13) to equation (14) in a single line of the code.
